1. Introduction. In the course of studying "simple" quadratures, the following identity was derived. Let T designate a triangle lying in the complex z plane whose vertices are z\, z2, z3. If A designates the area of T and if / is any function that is regular in the closure of T, then ±f{f>(z)dxdy This formula can be put in the alternative form (l') 2J jj S"iz) dx dy = /(zx, z2, z3) = where /(zi, z2, z3) designates the second divided difference of/ with respect to Zi, z2, z3. It may also be written as {Zl-Zi)iZi-^fff"(z)dxdy, H") Formula (2 ) is the simplest example of a "Schwarz reflection function" for an analytic arc, which expresses the equation of the arc in the form (3) z = S(z).
(See, e.g., Davis and Pollak [3, p. 6-7, 23-27].)
If zi, z2, z3 are three noncollinear points, then the directed or signed area A(zi, z2, z3) of the triangle with these vertices is given by (4) A(zi ,z2,z3) = - Green's Theorem in the plane can, with the help of the Cauchy-Riemann equations, be put in the form
This is a special case of the more general (5') jj f'(z)gjz) dx dy =%-j f(z)gjz) dz.
B
In formulas (5) and (5 ) we assume, for simplicity, that the region B has a boundary dB that is composed of a finite number of analytic arcs, and that the functions/(z) and g(z) are regular in the closure of B. Let the vertices of the triangle T in counter-clockwise order be Zi, z2, z3. From (5) we obtain jfs"iz)dxdy= J S'(z)dz
The three contour integrals are taken along the sides of the triangle 7\ , T2, T3 respectively. Now along Ti we have from (2'),
Zl -z2
Therefore along Ti, dz = Aidz. Hence,
Similar formulas hold for T2 and T3 and therefore,
From (7) and (4),
Similar formulas hold for Ai -A2 and A2 -A3, and their insertion in (9) leads to ( 1 ).
Some Applications and Extensions
= 6z -2Si where Si = Zi + z2 + z3. Hence, from (1) -JJ zdxdy = -(zi + z2 + z3), the formula for the center of gravity of a triangle. By taking the real or imaginary parts of (1), we can obtain the integrals of harmonic functions over triangles. For example, the product of inertia can be obtained in this way. We have // xy dxdy = -Im // z dxdy = -Im // (z4)" dx dy Hence, if the center of gravity of T is at the origin : zx + z2 + z3 = 0, we obtain the neat formula (12) Product of inertia of T = / xy dxdy = -^-Im(zi z2 + zi z3 + z2 z3).
T Formula ( 1 ) may be extended to polygons. Lemma. Let Zi ,z2, ■ ■ ■ , zn designate the vertices oS a polygon P. Then we can find constants oi , • • • , a" depending upon z\, ■ ■ ■ , zn but independent of f, such that for all f regular in the closure of P, (13) JJ f"(z)dxdy= ¿ <*/(*). Proof. This comes from inserting/ = 1,/ = z, ■ • • ,/ = z"~ in (13) and solving the resulting system.
A second representation is the following. For simplicity, we formulate it for a convex polygon.
Theorem. Let Zi, z2, -• • , zn designate the vertices in counter-clockwise order of a convex polygon P. Write z0 = z» and zn+i = zx. Then, for all f(z) regular in the closure of P, p Proof. For fixed i, the polygon P may be decomposed into the triangle 7\-whose vertices are 2»_i, z,, and z,-+i plus a polygon P¿ whose vertices are all the z's save Zi. Hence, by (13) and (1),
In view of the lemma, a similar coefficient attaches to each vertex.
Corollary. ProoS-Decompose P into triangles whose vertices are z¿, z*, zi+i. In view of (1), \]pS" dx dy can be expressed as a fixed linear combination of /(zi), • • • ,S(zn), Siz*).
In this linear combination, the coefficient of /(z*) will be, according to (1),
But by (13), ///•/" dxdy can be expressed as a fixed linear combination of/(zx), ' ' ' ,S(zn). Hence, by the lemma, the coefficient of f(z*) must vanish and this leads to (23).
It is interesting to notice, that in the case n = 3, equation (23) A(zi,z2,z3) A(zi,z2,z3) A(zi,z2,z3)
The coefficients of Zi, z2, z3 in this formulae are the barycentric coordinates of z* with respect to Zi, z2, z3. (See e.g., Deaux [4] .) 4. Further Developments. In order to obtain complex formulas for integrals of the type $$Tg(x,y) dx dy where g is an analytic function of the two real variables x and y, we can write Simüarly,
and a corresponding expression holds for the integral along T3. Forming the sum along the three sides, and picking out, for example, the coefficients of /(z2) and f(z2), we have as the contribution from the point z2 :
From (10),
Formula (25) now follows.
As an application of this formula, select/(z) = z(z -Zi)(z -z2)(z -z%). Then/"'(z) = 24z -6&, Si = Zi + z2 + z3. Now,/'(zi) = zx(zi -z2)(zi -z3), etc., hence from (25), (27) Kl li Z^Z ~ 6,Sl'> dx dy = llZx "*" Z2Z2 "*" Z*Z3 ' T Inserting (11) in (27), we obtain a complex formula for the moment of inertia of a triangle about an axis perpendicular to the triangle and passing through the origin : The generalization of this theorem is as follows: Theorem. Given a triangle T we can find constants üíj depending upon zi, z2, z3 such that (29) [Í zmSlm+2)iz)dxdy= Ha.jS^izj) JJ ¿=0 j"»l Sor all S regular in the closure öS T. ProoS-Use (5) and proceed as before. Formula (29) may be regarded as a kind of complex three point Taylor expression with exact remainder. byL.
